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Numerical Study of Vibration Localization in
Disordered Cyclic Structures

Phillip J. Cornwell* and Oddvar O BendlksenT
Princeton University, Princeton, New Jersey 08544

A study of mode localization in disordered cyclic structures that have multi-degree-of-freedom substructures
in presented. Particular emphasis is placed on the transition of the natural modes from being extended
throughout the stricture to being localized ona single substructure A localizatlon lerigth scale is proposed as
a measure of the spatial extent of a mode for the purpose of discussing the results of numerical experiments and
comparing the localization of different modes. Different modes in the same mode group were found to have
significantly different degrees of localization, and similar modes in different mode groups were found to be
related to each other via a scaling parameter. Results also indicate that the particular set of random disorder
introduced into the finite structure can have a significant effect on the degree of localization.

Nomenclature
A = cross-sectional area of axial member
EI =rib flexural rigidity ‘
k; =effective stiffness of axial member
K1 = global stiffness matrix

) =total length of rib

1, =length of axial member

L* =normalized localization length scale
[M] = global mass matrix

m =rib mass per unit length.

N =total number of ribs

N* =localization length scale

n = circumferential wave number

D =number of degrees-of-freedom per substructure
O = generalized force

q; =generalized coordinate

qi =amplitude of g;

r =imperfection strength

T =total kinetic energy

U =total potential energy

V; = potential energy due to the axial member between
ribiand i +1

v(x,t) =displacement of in-plane motion

w(x,t) =displacement of out-of-plane motion

X =x/1 )

v =localization factor

6 = half-angle between ribs

N = (w/w, )? = eigenvalue

AN =normalized eigenvalue band

4 =2rn/N

) = natural frequency

W, EI/mi* =reference frequency

@ = w/ w, =nondimensional frequency

¢,(x) =mode shape function
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Introductlon

P ERIODIC structures that are characterized by a number
of weakly coupled substructures have been shown to be
sensitive 10 certain types of disorder.!”? This disorder could
arise form such factors as manufacturing or assembly errors.
When structural imperfections are introduced into the struc-
ture, natural modes that were originally extended throughout
the structure can become confined or localized to a small
region of the structure. In appllcatlons where accurate shape
control is required, such as in large astronomical telescope
reflectors and communication antennas, the presence of local-
ized modes would be undesirable. It is therefore important to
consider structural imperfections when designing control sys-
tems for shape or directional control of such structures.
Externisive numerical calculations have been done showing
the progressive evolution of a mode’ from ‘being extended
throughott the structure to being localized to a relatively small
number of substructures.® In the cas¢ where the natural modes
of the 1mperfect structure are only slight perturbations of the
modes in the perfect_structure, standard perturbation tech-
nigues can be used to describe the natural modes. Similarly,
when a mode is extremely localized and its spatial -extent is
limited to only a few substructures, the modified perturbation
method (MPM) introduced by Pierre’ does a very good job
of predicting the shape and frequency of the mode. The case
where the mode is between these two extremes is the one that
is- difficult to characterize. The mode may be localized in
the sense that it is not exténded throughout the structure, but
it still may have a 31gn1f1cant magmtude over much of the
structure. While investigating the phenomenon of mode local-
ization in finite periodic structures, the question that arises is
what constitutes a ‘“‘localized’> mode? For localization in the
setting of solid-state physics, several “locahzatlon length
scales’’ have been proposed®? to measure the spatial extent of
a'mode. These length scales are useful in discussing the results
of numerical experiments and in understanding the trends
associated with localization, but in general cannot be calcu-
lated a priori. The localization factor < -that describes the
exponential - decay. of the amplitude of a mode is one charac-
terization of mode localization that can in some cases be
calculated analytically. Thus far, the only analytical results
obtained in structural dynamics are for systems that can be
modeled with a 2 x 2 transfer matrix, or equivalently a tridiag-
onal stiffness matrix.!!-!2 In this paper, the localization phe-
nomenon for a structure with multidegree-of-freedom (MDOF)
substructures will be investigated via numerical experiments.
This paper is primarily a continuation of the work described
in Ref. 6 concerning the localization of natural modes in cyclic
periodic structures such as large space reflectors. In Ref. 6
structures of this type were found to bg: susceptible to localiza-
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Fig. 1a Structural model for axially symmetric structure such as a
radial rib reflector/antenna..
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Fig. 1b Typical substructure, consisting of rib beam and sectional
wires (axial members).

tion. The localization was found to become progressively
more severe with increasing mode group. This result has also
been obtained by Pierre.” The evolution of the frequencies as
a function of the imperfection strength was also examined in
Ref. 6. As the imperfection strength is. increased from zero,
some of the natural frequencies were found to come very close
together and then to veer away from each other. A strong
interaction was observed between the two veering modes, as
indicated by the exchange in the localization peaks.

In the present paper, localization in a generic class of reflec-

tors is studied with the intent of better understanding the

phenomenon in finite structures with MDOF substructures. A
normalized localization ‘length scale L* is introduced as a
characterization of the degree of localization in order to study
the transition from extended states to localized states and to
provide a convenient way of comparing the degree of localiza-
tion of different modes. A definite relationship is found to
exist between the mode groups and how they localize. The
normalized eigenvalue band presented in Ref. 6 as a measure
of the effective coupling between substructures is found to
serve as a scaling parameter and can be used to relate the
localization behavior and the frequency evolution of the vari-
ous mode groups for the model studied. The effective coupling
between substructures is an indicator of the relative suscepti-
bility of a mode group to localization.5” The influence on the
localization of the particular set of random imperfections
introduced into the structure is also examined for the first time.

Struétural Models

For the class of axially symmetric structures considered in
this study (Fig. 1), the basic substructure consists of one of the
N radial beams (ribs) with the associated connecting axial
member. The structural model used for most of the analysis is
a Rayleigh-Ritz model based on the first five cantilever-beam
bending modes for each radial rib. The coupling between
substructures is provided by a single massless axial member
(spring) that could model anything from a wire mesh to a web
membrane. In Ref. 6, it was shown that using multiple con-
necting wires does not change the shape of the natural modes
significantly, provided the effective coupling remains the
same. The hub of the structure is considered to be fixed.

For small-amplitude vibrations, in-plane and out-of-plane
vibrations decouple and can. therefore be considered sepa-
rately. The vibration displacement of the ith beam in the plane
of the structure is denoted by v;(x,?), and the corresponding
out-of-plane displacement is denoted by w;(x,?) (Fig. 1b). In
this paper, the structure will be assumed to be flat so the only
difference between the equations of motion for the in-plane
and the out-of-plane motion is the physical interpretation of
the coupling k..

Rayleigh-Ritz Model
For the Rayleigh-Ritz model, the in-plane displacement of a
rib can be written as

4
vesh) = B an(®) 6u0) = (417 () M

where the mode shapes ¢,(x) is the nth natural mode of a
cantilever beam and are given in the Appendix. In this study,
the first five cantilevered beam modes were used, thatis p = 5.
The equations of motion are determined using Lagrange’s

equations:
d /dT aT aU
—(=)-—=+==0
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where T is the total kinetic energy
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and U is the total potential energy that is the sum of the stain
energy due to the bending of the beams and the strain energy
in the axial members between the ribs:

v= £ armian+ £ v, ©)
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Here, k; is the effective stiffness of the spring between beams
iand i + 1, and A is the location of the axial member along the
beams. It has been shown*!2 that variations in the coupling k;
have a very small effect on the dynamics in comparison to
variations in the flexural rigidity EZ, and will therefore be
considered a constant, k; = k. = const. A random variation is
introduced into the flexural rigidity such that

El; = EI(1 + P)) ®

where P; is a random variable having a uniform distribution
between r and -r, where r is defined to be the imperfection
strength. Substituting Egs. (3-9) into Eq. (2) results in a
system of pN X pN equations:

IM]{q} +[K1{q} =0 (10)

where

fq)7= t{qi7|{q}]] - -|taIl} (11
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For small-amplitude free vibration, one can assume simple

harmonic motion {q] = {g}e™*, which when substituted into
Eq. (10), leads to well-known structural eigenvalue problem:

(K1(2} = G2 (M1(g) (12)

where @ = (w/wg)?; @i = (EI/ml%) and [K] and [M] are the
nondimensional stiffness and mass matrix, respectively. Be-
cause the normalized cantilevered beam modes were used as
the shape functions, we find

(M) = 1] C3)
i 0 - 0 K]
S B (0 (1)
K= | 0 K] KI+BK] K]0 | gy
S (1) . e
o (0] . :
Kl (0] . [0] |
where
(Kol = [diag(\o)] + ke () {6} (15)
Kil= -k A0} (o) s 6
[6ki] = P; [diag (\o)) an

and the normalized coupling k. = k./(EI/ml®), and Ny is the
Jjth normalized natural frequency .of a cantilevered beam as
shown in the Appendix, Solving Eq. (12) numerically results in
DN ceigenvalues @2 and eigenvectors {¥,}. For the model
studied, the eigenvalues are found to be clustered in groups. In
the first mode group, the ribs are primarily in first bending.
Similarly, the second mode group is primarily second bending,
and so forth.

Normalized Eigenvalue Band

Structures with high modal densities, that is, narrow fre-
quency bands, have been shown to be susceptible to mode
localization. The normalized eigenvalue band .

-2 ) )
w; — Wi
A)\j = ma)iz min (18)
@min j = fixed

. has been proposed as measure of the effective coupling
strength for a particular mode group: j = 1 to p. It was shown
in Ref. 13 that for a single degree-of-freedom (SDOF) per
substructure model Eq. (18) is directly proportional to the
coupling k.. A value of A\, close to zero would indicate that
the modes belonging to that group would be sensitive to im-
perfections and might localize. An approximate expression for
the eigenvalue band &2, — &2, for a given mode group j can
be calculated for the perfect structure. As seenin Eq. (14), the
stiffness matrix is cyclic when the random variation P; is equal
to zero. That is, the (n + p)th row of the stiffness matrix is a
cyclic permutation of the nth row, consisting of a circular
shift right by p positions. Similarly, the (m + p)th column is a
cyclic shift down by p positions of the mth column. Using a
simple transformation;

{q} =IBl{q) Qa9

(z)7= tiz}{1z)3- - .| (z)8) (20)

where the Np X Np transformation matrix [B] is

[Blii (Bl
[Bl=} [Bls [Blx» (21)
[Bljx = e’*~1W=D[],] (22)
i=v=1 23)

and [I,] is a unitary matrix of order p, the pN X pN eigenvalue
problem of Eq. (12) can be reduced to a series of N/2 +1
eigenvalue problems of order p X p:

Azn) =[Qnl{z0} @4
[Qn] = [Ko] + 2[K]cosa, 25
o, = 2wn/N, n=20,1,2,.., N/2 (26)

To get an approximate analytical expression for the eigen-
values of this p X p system, we apply a- perturbation-type
method using the coupling k. as the perturbation parameter.
The magnitude k. for which this expansion will be valid will be
discussed later. Substituting Egs. (15-16) into Eq. (24), we
find

[Q,] = [diag\w)] + 2k. (¢} ($}7]s(1 - cosa,)  (27)
= [Qol + [6Q]

If k. is relatively small, we can use ordinary perturbation
methods to determine the effect the coupling will have on the
natural frequencies. If we let

A = No + €v, + €2, (28)
we find '

v, = 2(1 — cosa, )k o7 (h) 29)

= AR — cosop? § GG
" ¢ " i=1 )\j _)\io

i#j

30

where the subscript j refers to the jth mode group, and n refers
to the nth mode in that mode group. The lowest natural
frequency for each mode group occurs when n = 0 and so
Aminj = Njo. If we assume the connecting spring is located at the
tip, then ¢;(1)=¢;(1)=2 and the maximum natural fre-
quency for mode group j is

P
N = Npo + 16k, + 256k Y,
= Ao — Ao

i#=n

@31

Since the mode groups are widely separated (as seen in the
Appendix), the factor Ajy — Ny will be vary large making the
third term in Eq. (31) very small. For j = 2, it can be shown
that for k. <3 the second-order correction e’y <0.10er, and
gets progressively smaller for j >2. The values of k, used in
this study are less than this value. A comparison between the
results for the frequencies using Eq. (31) and the frequencies
obtained by solving the full p X p eigenvalue problem of Eq.
(24) is shown in Table 1, for a value of k.= 3EI/I3. This
indicates that because frequency bands are so widely separated
there is not very much interaction between mode groups.
From Egs. (28-30) we see that Amax; — Mmin, = 16k, and is
independent of the mode group for j>2. From Egs. (29)
clearly the frequency band is proportional to the coupling k.
and the displacement at the coupling location ¢2(%). Thus, the
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Table1l Comparison of the eigenvalue band calculated by solving the

full eigenvalue problem of Eq. (24) and the approximation obtained

. from Egs. (29-30) with n = N/2, k.= 3EI/13, and a single axial
member located between the tips of adjacent stractures

Mode  Amax — Mmin

€ity =
Group Eq.(249) Eq.(29) Eq.(30) eun +€e2u Ydifference
1 42.5246 48 —5.692  42.308 0.509
2 51.7318 48 3.963 51.963 —0.447
3 49.0267 48 1.014  49.014 0.026
4 48.4448 48 0.438  48.438 0.0153
5 48.2720 48 0.276  48.276 —0.0083
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Fig.2 Frequency bands for the first three mode groups for a struc-
ture with 18-ribs, and k.= 3EI/I3. Note the frequencies are much
further apart for the higher frequency mode groups.

normalized eigenvalue band is similar to the “modal” cou-
pling parameter R? introduced by Pierre’:

2
L) 2

T NoM;

This paper will examine the case where the spring is located at
the tip so as to avoid the special case of when the connecting
member is located at the node of one of the beam bending
modes. Clearly Eqs. (18) and (32) will capture the same trends.
Since the absolute magnitude of the frequency band is virtu-
ally constant for the different mode groups, the important
factor in determining the relative susceptibility to localization
of the different mode groups in Egs. (18) and (32) is the
1/a2,,. This can be understood physically in terms of what
happens to the natural frequencies of the ribs. The natural
frequencies of the various modes of the individual ribs change
by the same percentage as indicated by Eq. (9) since the
frequency squared is directly proportional to the flexural
rigidity, but the absolute variation is significantly different.
Hence, if we consider each mode group to be modeled as
SDOF oscillators with the same natural frequency as the disor-
dered rib, then clearly the higher frequency mode groups are
going to have natural frequencies for the disordered case
which are much farther apart then the lower frequency mode
groups. If localization is then thought of in terms of the
resonant properties of the individual members, then clearly
the higher mode groups will be more localized since the reso-

nant frequencies are farther apart. To illustrate this, the fre-
quency band of the first and the third mode groups for a
structure with 18-ribs and k. = 3EI/I* is shown in Fig. 2.

Localization Length Scales

When examining the results of computer experiments to
study the localization of the eigenstates of a disordered peri-
odic structure, some length scale or measure of the degree of
localization is desirable. By defining a length scale, modes
within the same mode group and in different mode groups can
readily be compared. The number of substructures over which
a mode has appreciable strength in comparison to the number
of structures participating in the perfect structure is a good
indication of that mode’s degree of localization. We propose
the parameter

N 2 N
Ny = <E Viz(l)) /X Vi)
] i=1

k = fixeds k= 1,2,... (33)

as a measure of the spatial extent of mode k, expressed as the
number of participating substructures. The tip displacements
w;i(!) are used because for the structures studied the tips
tended to have the maximum displacement. This quantity is
virtually identical to the measure, presented in Ref. 8 for a
harmonic disordered linear chain. In Ref. 8, the displacement

. of the atom was used in the formula.

If a mode is such that the tip displacement of each rib has
the same magnitude, as would be the case in the umbrella
mode or the 180 deg out-of-phase mode of the perfect struc-
ture, then N* is equal to N, the number of substructures. If
the mode is such that it is localized at one substructure, then
N*= 1. It should be remembered that since there are nodes in
the modes of the perfect structure, some the ribs will have zero
displacement and therefore do no *‘participate’’ in the mode.
In order to account for the fact that N, will not equal N for
the perfect structure, except for the two modes mentioned
above, we defined for the kth mode

Lg=Ng/Ny, |e=tieas k=12, (34)

where No is the value of N* for the kth mode of the perfect
structure. Thus, L, = 1 for every mode of the perfect struc-
ture. The normalized length scale L; can be thought of as
approximating the fraction of the number of substructures
participating in the disordered structure compared with the
number participating in the perfect structure. This makes it
easier to compare how the spatial extent of a particular mode
varies as disorder is introduced. L; is also easy to calculate
and is independent of the absolute magnitude of the tip dis-
placement. The value of N; can be calculated analytically if
the natural mode has the form of a perfect sine wave and is
equal to

= @2/3) N (35
If the natural mode is a perfect exponential curve, that is the

tip displacements fall off from a peak with the form ", then
Ny can be calculated to be approximately

2 N
Ztanh E,  y<m (36)
N =47 2
-
[coth (y)]?
= > 36b
coth (27) YoM (36b)

where v, is not clearly defined and depends on the number of
substructures. Equation (36b) is derived for the limit N oo
and is most accurate when Nf<N/3. Equation (36a) is a
good approximation when v, ~0.2 and N > 10. Figure 3 com-
pares the value of N calculated for a perfect exponential curve
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Fig. 3 Comparison of analytical expressions for calculating N* for
a mode with the form of a perfect exponential, that is the tip dis-
placements of the ribs drop off from a maximum peak with the
form of e~ 77,

2.0

—— 0%

Relative Tip Displacement

Rib Number

Fig. 4 Ilustration of the progressive localization of the n= 0 mode
of the third mode group (k.= 3EI/13, N=10). Notice how the mode
localizes in a relatively smooth manner.

using Eq. (33) and the values obtained using Eqs. (36a,b) for
N = 10.and N = 100. Note the overlapping region where both
Eqgs. (36a,b) are accurate. Clearly the expression of N; above
has the correct limits in that Ny = N'as y—0 and N; = 1 when
y—oo. Note that there also exists a relatively linear transition
region where the mode is changing from being extended to
being strongly localized. In their linear region, N* is found to
be proportional to the inverse of v, that is N* = 2/v. There-
for N* is a direct measure of the decay length scale in the
transition region indicating the tip displacements drop off
from a peak with the form e~ ®N*~,

Numerical Results and Discussion

In Ref. 6, it was seen that the localization of a mode as a
function of increasing imperfection strength is a relatively
smooth process except when curve veering occurs. Results of a
10-rib structure with k. = 3 EI/I? are shown in Figs. 4 and S.
In these figures, the tip displacement of the ribs are plotted for
different levels of random imperfections in the rib flexural
stiffness. The imperfection strength refers to the limits of
AEI/EI. Figures 4 and 5 emphasize the fact that mode local-
ization in structures with relatively few substructures can de-
pend strongly on the particular set of random imperfections
present, and their geometric relationship to each other. Figure
4 shows the progressive localization of the n = 0 mode of the
third mode group, where 7 is the circumferential wave num-
ber, and no curve veering occurred. The mode can be seen to
localize in a relatively smooth manner. When curve veering
occurs, two eigenvalues come very close together but then veer
away from each other as the imperfection strength is in-
creased. An important characteristic of curve veering is that
the eigenfunctions associated with the eigenvalues before veer-
ing are interchanged during veering in a rapid but continuous

2.0

1.6

1.2

0.8

0.4

Relative Tip Displacement

0.0

Rib Number

Fig. 5 Illustration of the progressive localization when the same ribs
used to generate Fig. 4 are rearranged. Note the difference in the way
the mode localizes and the abrupt change in the localization peak.
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1 0; —o— Case 1 {Fig. 4)
- ——— Case 2 (fig. 5)
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00 05 =10 *15 *20 *25 £30
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Fig. 6 - INustration of how the spatial extent of the modes shown in
Figs. 4 and 5 decrease in roughly an exponential manner. L * remains
a relatively smooth function in spite of the fact that the modes
undergo abrupt changes.

way.'? Figure 5 shows the progressive localization of the n = 0
mode of the second mode group when the exact same ribs used
in Fig. 1 are rearranged. For this case the frequency evolution
has an example of curve veering as is evidenced by the abrupt
change that occurs in the location of the peak of the localized
mode. Note the difference in the way the modes localize,
although the end result is still a peak on the rib with the lowest
flexural stiffness. It is important to emphasize that the only
difference between the structures analyzed in Figs. 4 and 5 is
the ribs are rearranged.

Figure 6 shows how L * varies as a function of the imperfec-
tion strength for the modes shown in Figs. 4 and 5. Note that
L* is basically the fraction of ribs participating in the mode.
Even though the mode undergoes an abrupt change between
the imperfection strengths of +1.5% and + 2.5% in Fig. S,
L*remains a smooth function. The modes appear to- localize
in roughly a logarithmic manner as a function of the imperfec-
tion strength. It can be seen from Fig. 6 that case 1 begins to
localize more quickly than case 2, but after the curve veering
case 2 is more localized, although by the time L* <0.3 both
cases are strongly localized.

Modes within the same mode group can have significantly
different degrees of localization. In Fig. 7, L * is shown for the
modes in the first three mode groups of an 18-rib structure
with k.= 3EI/P® and random imperfections of +2.5%. Note
that this spring stiffness is 10 times greater than the k. that was
required to match the frequencies presented in Ref. 14 as
shown in Ref. 6. Since the structure studied has 18 ribs there
will be 18 modes per mode group. In the first mode group, the
ribs are primarily in first bending. Similarly, the ribs in the
second and third mode groups are primarily in second and
third bending, respectively. Figure 7 shows that the first mode
group is not localized whereas every mode in the third mode
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Fig.7 Variation of the degree of localization within a mode group.
All the modes of the third mode group are strongly localized, and the
second mode group has both localized and extended modes. All of the

modes of the first mode group remain extended, (N = 18, k. =3EI/I3).

0%
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+.15%
+.25%
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1%
+1.5%
12.5%

L*

Mode Number

Fig. 8 Variations of L " for all the modes in the third mode group.
Note that L " decreases monotonically at the ends of the bands,
but the center of the band is much more complicated (N=10,
ko= 3EL/13).
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Fig. 9 The strong dependence on the particular set of ribs present in
the structure is illustrated for the third mode in the third mode group
when N =10 and k.= 3EI/13. The only difference between case 1 and
case 2 is the ribs have been rearranged.

group has an L* <0.20. Converting this to the number of ribs
participating in the mode for this structure results in less than
four of the ribs having any significant amplitude. Therefore,
all of the modes in the third mode group are strongly local-
ized. The second mode group is found to lie between these two
extremes. For the second mode group, the band edges are
strongly localized whereas the center of the band is still éex-
tended. This behavior of the band edges becoming localized
first was also presented by Pierre’ in regard to the localization
of a linear chain of SDOF oscillators using a transfer matrix
approach as well as a modal formulation.

The transition of an entire mode group from being extended
to being localized is shown in Fig. 8. In Fig. 8, the change in
L*is shown as a function of the imperfection strength for all

1.4
1 —&— ModeGroup1 —8——  Mode Group3
1.29 —e— Mode Group2 —o— Mode Group 4
1.0 o o o a
0.8
L*
0.6
0.4
0.2
O-G L L) L] 1] L)
00 05 =+1.0 *15 £20 25 3.0
a) Imperfection Strength (%)
1
L*
y=.135x o
1 T
1 : 1 10
b) ] Imperfection Strength (%)

Fig. 10 Hlustration of a relationship that exists for the location of the
umbrella mode of the first four mode groups (V= 10, k.= 3EI/I3).

of the modes in the third mode group when the number of ribs
is equal to 10 and the coupling k.= 3EI/I3. Note that for the
ends of the band, L* is monotonically decreasing whereas the
other modes in the mode group have a much more complex
behavior, and depends on the exact ribs used and their rela-
tionship to each other. In general, it can be seen that the ends
of the band become localized faster (that is at a lower imper-
fection strength) than the modes in the center of the band.
In Fig. 9, L* for the third mode in the third mode group is
presented for two cases of random imperfections. Once again,
the only difference between the two cases is that the ribs are
rearranged. Note the modes become localized in very different
manners. For example, at an imperfection strength of
£0.25% the mode of case 1 is still extended, whereas the
mode for case 2, less than half of the substructures have any
significant amplitude. These resuits reinforce the position that
analytical results derived using the limit as the number of
substructures goes to infinity must be viewed with caution,
when applied to finite structures, and may be extremely inac-
curate for a particular structure. As Pierre emphasized in Ref.
12, we are interested in the behavior of individual disordered
structures as much as the average of an ensemble of structures.
Some values of L* shown in Fig. 9 are greater than one. One
important effect of imperfections is to couple the modes that
were orthogonal to each other in the perfect structure.* In this
particular example, for small values of the imperfection
strength, the umbrella mode of the third mode group and the
third mode of the third mode group were coupled so as to
make the third mode of the disordered structure look more
extended than the third mode of the perfect structure (i.e.,
L*>1). Remember for the third mode of the perfect structure
N*=6.67 as given by Eq. (35), and N*= 10 for the umbrella
mode of the perfect structure. Therefore, when calculating L *
in Eq. (34) a different number is used in the denominator.
A relationship exists for the localization of modes in differ-
ent mode groups which have the same circumferential wave
number as illustrated in Fig. 10 for a 10-rib structure with
k. = 3EI/I3. Figure 10a is a plot of L* for the umbrella (n = 0)
mode as a function of the imperfection strength for the first
four mode groups. If the transition region between being
extended to being strongly localized on one substructure is
plotted on a log-log scale, a definite relationship is seen be-
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Fig. 11 Same as Fig. 10 except the coupling has been reduced to
k:=0.3EI/I3. Note that the curves for the second and third mode
groups have simply shifted to the left.

tween the mode groups as shown in Fig. 10b, where L,: is seen
to follow a power-law relationship of the form:

Li=ar- 37

where c, is a constant depending. on which mode in the mode
group is being examined, and the coefficient a; varies from one
mode group to another. The umbrella mode for the first mode
group is not included in Fig. 10b since it is still extended at an
imperfection strength of =+ 2.5%. Equation (37) can be rear-
ranged to express the imperfection strength in terms of L, :

a; 1/¢, .
r=\7:) =b" (3%

k

The ratio b;/b; + 1 is gpproximately equal to AN;/ AN, . ;. There-

fore, for a given L; we know

__’_'L_=L ,.,A_)\j- ' 39)

For example, if one knows that the umbrella mode of the
second mode group has an L*= 0.5 at an imperfection
strength of r, = + 1.8%, then Eq. (37) could be used to find
the imperfection strength for which the higher mode groups
have an L* = 0.5. For very flexible cyclic structures that are
characterized by widely spaced mode groups, the possibility
exists for modeling one mode group as a series of SDOF
oscillators and then use the theoretical results available for
such structures. The behavior of the higher mode groups can
then be inferred using A); as a scaling parameter.

Changing the coupling would be expected to have roughly
the same effect as changing the imperfection strength, since it
is the ratio of the coupling to the imperfection strength that is
expected to be the important parameter.* Therefore, changing
the coupling strength should just shift the curves shown in Fig.
10 to the left, that is the modes will localize at a lower imper-
fection strength. This indeed turns out to be the case as shown
in Fig. 11, which shows L* as a function of the imperfection
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Fig. 12  Part of the frequency evolution of the 11th and 12th modes
of the second and third mode groups illustrating a veering between the
modes of both mode groups. The imperfection strength at which the
veering occurs for the two mode groups are related by Eq. (39)
(N=18, k;=298EIL/13).

strength for the first four mode groups of a 10-rib structure
with k. = 0.3EI/!3. The transition region for the n =0 mode
of the second and-third mode groups is shown in Fig. 11b.
From Fig. 11a, it can be seen at the n = 0 mode of the fourth
mode group localizes at a very low imperfection strength and
is therefore not included in Fig. 11b since only two calculated
values fell in the transition region. As can be seen by the curve
fits shown in this figure, changing the coupling has essentially
only changed the coefficients @; in Eq. (37) by making them
smaller. By making the educated guess that the coupling-to-
disorder ratio should be a term in Eq. (37), and using the
observation shown in Eq. (39), it was discovered that all of the
curves shown in Figs. 10 and 11 can be expressed in a single
equation fairly accurately. If we assume the exponent in the
power-law relationship is ¢; = 0.449, we find for the umbrella
mode of the jth mode group

k. :|0.449 “0)

L*=6.4

‘ [’N‘o
where Aj is the normalized squared frequency of the jth
cantilever beam bending mode, or in terms of the normalized
eigenvalue band: i

.. 10.449
L*= 178 [ATN] @1)

where again A); is the normalized eigenvalue band for the jth
mode group which will be a function of the coupling strength
and the displacement at the coupling location.

It is important to emphasize that these coefficients and
exponents were obtained using a single set of random numbers
to generate the random variation in EI, and one would not
necessarily expect these precise values when a different set of
random imperfections is used. In the transition region, no
theoretical results are available for localization factors, be-
cause all perturbation schemes break down.!? Therefore, it is
not surprising that the functional relationship between L* and
r is.clearly different than what is predicted using theoretical
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results for weak localization obtained for systems of infinite
extent which can be modeled by a product of 2 x 2 transfer
matrices. As shown earlier, in the transition region N* = N,
L*is proportional to the inverse of the localization factor v. It
has been shown!! that in the case of weak localization, v is of
the form

o2

8K (- AV “

T8k
where o? is the variance of the random variable and the system
is of infinite extent and can be modeled by a 2 x 2 transfer

matrix of the form .
A -1

1] = 43

(73] [ I 0] . “43)

The term ““4”’ is a function of the frequency w and the other
parameters of the particular system being ‘modeled. Therefore,
in the case of weak localization, l/'y is proportional to 1/¢°
and therefore propomonal to 1/r* because of the way the
imperfection strength is defined. This is clearly in contrast to
this numerical simulation that shows that 1/ is approximately

proportional to 1/r®# in the transition region for this struc- -

ture of finite extent. Again, the exponent is only approximate.
These results empliasize the importance of recognizing the
assumptions involved in a perturbation scheme and only ap-
plying the perturbation results in c1rcumstances where the
assumptions are valid.

Equation’ (39) is also valid for compating the frequency
evolution of the various mode groups. For example, in Fig.
12a, a part of the frequency evolution as a function of the
imperfection strength is shown of the 11th and 12th modes in
the second mode group of an 18-rib structure with k. = 0.298
EI/13, Note that the frequencies veer away from each other at
an imperfection strength of approximately =+ 1.848%. Using
the relationship shown in Eq. (39), we calculate that the 11th
and 12th modes of the 3rd mode group should veer at an
imperfection strength of approximately

AN
ri= A—)\Z =% 9.235070

which indeed turns out to be the case as is shown in Fig. 12b.

Conclusions

The foilowing main conclusions can be drawn for the class
of disordered cyclic structures examined in this study:

1) The particular set of random imperfections introduced
into a finite cyclic structure can strongly influence the manner
in which the modes become localized.

2) Modes within the same mode group can have signifi-
cantly different degrees of localization with some modes being
strongly localized while others remain extended.

3) The spatial extent of a mode as it progressively localizes
with increasing imperfection strength appears to obey a
power-law-type relationship in the transition region, when the
spatial extent of the mode is measured by L*. The localization
length scale provides insight into the transition region, while
the anaytical approach fails in this region.

4) The localization length scale L* describes the spatial
extent of a mode and is useful for studying the transition from
extended to localized states. In the transition region, L* is
proportional to 1/4.

5) The normalized eigenvalue band accurately reflects the
coupling for a mode group and can be used as a scaling

parameter to predict the behavior of other mode groups when
the behavior of one mode group is known.

Appendix
The mode shapes used in the Rayleigh-Ritz formulation as
shown in Eq. (1) are given by .

¢n = coshB,x— cosf,Xx — a,(sinhfB,X— sinB,Xx) (AD)

where
By =1.875104, o = 0.7340955 (A2a)
B, =4.694091, o, = 1.018466 (A2b)
B3 = 7.854757, = 0.9992245 (A20)
Bs=10.99554, o, = 1.000034 (A2d)
Bs=14.13717, a5 = 0.9999986 (A2¢)

The natural frequencies for the first five cantilevered beam
modes are found to be

= 2 VEI/mI* (A3)

When Eq. (A3) is nondimensionalized by wyg, the values of the
eigenvalues are

12.36236 (Ada)

A= @F =

Ny, = @)= 485.51876 ' (Adb)
N3, =@ = 3806.54542 (Ado)
N, = &% = 14,617.26940 : (A4d)
As, = &% = 39,943.84996 (Ade)

The normalized eigenvalue band for the five mode groups are
shown below

AN, = 0:3092 (A5a)

AN, = 0.0099 (A5Db)

AN; = 0.00126 (A50)

AN, = 0.000326 ' (Asd)

A\ = 0.000119 (ASe)
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